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Motivation
1. Practical cooling systems are designed and built to avoid
Schottky band overlap which compromises performance
(safety factor ~1.5 is usually used)
2. Operating cooling systems are frequently used in a regime
when bands are close to an overlap or slightly overlapped.
a) In this case, the band overlap need to be taken into account if
detailed description of the cooling is required.
b) Quantitative description should be helpful for cooling
optimization
3. Presently, all stochastic cooling calculations at FNAL are
done neglecting effect of band overlap
a) It needs to be corrected
b) Taking band overlap into account should help to bring
together the model calculations and the experimental
observations (10-20% effect)
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4. Some oddities in earlier papers
For example following expressions are proposed in Ref. [1]
a) Filter method

N B°E dx’
=14 G
SR TIT TP j X o +i(x—x)
b) Palmer method
. _q, N PE I dy Gsy (X)dx’
i ||||77|a) dx o i(x—X')

G(x) is linear without band over'lap for both cooling methods
— These equations are identical in the range of their
applicability. While authors point out that the difference is
important.

1 J. Bisognano and C. Leemann, “Stochastic Cooling" in 7981 Summer School on high Energy Particle Accelerators, edited by R. A. Carrigan et al., AIP
Conference Proceedings 87, American Institute of Physics, Melville, NY, 1982, pp. 584-655.

Stochastic cooling with Schottky band overlap, Lebedev, Cool’05, Galena, Sep. 18-23, 2005



Theorem: For linear G|(x) ( G|(x) = Gy + G’x ) the following equality
is justified:

dx’ dy G,(x")dx’
G(X)I dx oEXI(X— x) Imdx’aii(x—x’)
Proof:
J' dlﬂ Gl(X')dX () _[
%O+dx’aii(x—x) | X’ a+|(x X)

J‘ dWGl(X’)_Gl(X)er_ J‘ dW(Go"'GX)_(Go"'G’X)
d' oxi(x-x) 4 dx o+i(x—x')

dx’ =

c—0,

G’ j X=X 4x'= -G j—dx=0
dx oti(x—x)

oc—0,
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Beam Dielectric Permeability for Longitudinal Cooling

(f,(x )= f,(t=T,L+7m%)) T, X
1 f(6t)=f,(xt=T,(A1+n,X)) | / Kickﬁ\]c (X t)
(%, t) = f5(x=p(t)/ py, 1)) \

¢ X=(p-p,)!p, is the relative

momentum deviation Pickuﬁ\ X
¢ 71, ,and T, =T, + T, are the /\\ U /
f2 (X’ ) ~_ F T1 N,

Schematic of longitudinal cooling system

kicker-to-pickup, pickup-to-
kicker and revolution times for
the reference particle

¢ n=a-1/y% is the slip factor, n, and 7, are the partial kicker-
to-pickup and pickup-to-kicker slip factors, nT, =n,T, + 1, T,

¢ (1) is the particle momentum change by the kicker
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¢ Linearizing, performing Fourier transform and solving obtained
equations relative 7, (x)yields:

Foo (X)X (0T, (4 7,0) = Ty, (Rexp(=iaT, @ 7,x) - 20 P 1)

Po
¢ We consider the case when the momentum kick is determined
by the sum of amplified pickup signal and an external harmonic
perturbation so that:
3, ! po = [ dxT,, (X)G(x, w)e ™ [1- A(@)e ™™ |+ Ap,, /D, (2)
elyZ (X, )Z, ()

%Bzmczzampl
Io - beam current; Z,, = 50 Q
e'“"z takes into account the pickup-to-kicker signal
delay, equal to the travel time for reference particle
e Palmer cooling: A(®w)=0
e Filter cooling: A(w)=1 (notch filter is on), G(x,m)=>6(w)

where: G(x, w)=

K(w)
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¢ Substituting (2) to (1) and solving obtained equation results:

rg ' p 1 Apex df (X) G X’, w eia)T2 (1+77,%)
S0 EjdX fZW(X )G(X ’a)):_ t j : i(a)T(1+77X))
§(@) Po 55, O e -(1-9)

where g ) is the beam dielectric permeability

dx

dfO(X) G(X,a))eia)Tznzx

. dx
dX ela)TO (I+mx) (1_5)

e(w) =1+ (1— A(w)e ) J-

0—0,

¢ Far away from Schottky band overlap the exponent in the
denominator can be expended in vicinity of revolution
harmonic, w=nw, + dw, w,=271T, and we arrive to the
standard formula for the dielectric permeability

oy ¢ () G(xw)
5n(5w):1+(1_A(m)e LJO dx 27zi(77nx+5a)a;a)0—i5)

+

dx
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Beam Dielectric Permeability for Transverse Cooling
Beam dipole moment at each point is &V, Y6

dk(t)=(:,08jyk(x)fo(x)dx . k=123. . Vi

Normalizing x and 8 by the B-functions
%= /B, Pickub>\/ X U
‘9|< — Uk \/Fk — o Xy / \/Fk Y2 92 S~ %r N Ej, Vv

we obtain equaﬂons rela’ring the beam  schematic of transverse cooling
positions after and before the kicker: system.

Yo (X, t) = c() 7, (x,t = To(L+ 7%)) + s(X)6, (X, t = Ty (L +7x)) (3)
0,(x,t) = =s(X) T, (X, t = Ty (1 + 7%)) + c(X) &, (X, t = Ty (1 + 7))
Here c(x)=cos(2z(v + &)), s(x) = sin(2z(v + &)), v is the betatron
tune, and ¢ is the tune chromaticity.
¢ Passing the kicker changes y but does not change 6

N.(x)=7(xt) ,  6(xt)=6,(xt)+50(t) . (4)
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¢ Performing Fourier transform in Egs. (3) and (4) and solving

them relative to ¥, (x) and 6, (x) we obtain:
~ (c(x) —exp(iwT,(L+nx)))explioT,(1+ X)) .~
0, (X)=— _ : 06
exp(2iwT, (1 +7x)) - 2¢c(x)exp(iwT, (1 +7x))+1

- s(x)exp(iaT,(1+ 7x)) 57
exp(2iaT, L+ nx)) - 2c(x) exp(ioT, (1 + 7x)) + 1

¢ That yields displacement in the pickup
N S (X) + S (x)e'@To (79 ) gioTz (mpx)
yzw(x): ( Zegia)zo (1+771x§ —)ZC(X)eia)T)O @+m) 4 q o0, (5)
Here ¢ ,(x)=cos(2z(v,, +&,X)),  S,(X)=sin(2z(v,, + & ,X)),
2zvi and 27zv, are the betatron phase advances between
pickup and kicker so that v, +v, =v,
& and & are the partial fune chromaticities, & + &, = £.
¢ The beam kick is determined by the sum of amplified pickup

signal and an external harmonic perturbation

Y10 (X)
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58, = [ dxf,(X)¥,, ()G, (@)™ + Ad,, (6)
where the gainis G, (w)= loZp. (@)2,, (@) BB K(w)
1 %Bzmczz p/~k
B»and Sy are the beta-functions in the pickup and kicker.
¢ Combining Egs. () and (6) we obtain:

_ - (S (X) +3 (X)eZia)TO(lJrfyx)) eia)T2(1+772X) o,
TeulX) =L icom ot p (G @& [IKT007,00 + A7)

¢ The solution is similar to the solution for longitudinal cooling.

It yields the avemge beam displacement in the pickup:

S _ eX (X) + 3 (X)ela)To(l+77x) eia)T2(1+772x)
Yoo = Idx fo(X) ¥, (X) = t J-de (X)( o 2i6To (L) ZC(X)eia)T)o @) | q

where the beam permeabuln’ry is:

ampl

6.(0) [ e sin2n(, + £0) s sin2n(r, + )
2 cos(wT, (L + 7X)) — cos(27z(v + &)) + idsin(wT, (1 + 7x))

00,

& (w)=1- f, (x)dx
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Fokker-Planck Eguations

Longitudinal cooling
¢ Evolution of the distribution function is described by:

of 0O 10
7 L= 2@(D( )j

¢ The drag force is created by the particle self-interaction and
therefore is not directly affected by the band overlap; but it
is affected by screening of the particle signal

F(x)—— —_Z_: g(w ( Alw, Je ™ Jeianmx

Here G,(X,®) = G(X,®)/N is the single particle gain,
®, = @, (1—77X)n ’
N is the particle number in the beam,
& wp) in the denominator takes into account screening effect
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¢ The diffusion is crea’red by noise in the kicker voltage:

D(x) = SR, (o (7)
T, (7/,6’ mc ) n=—0
where P (®) is the spectral density of kicker voltage consisting of
two contributions. The first one is related to the noise of the

electronics, Punsise, and the second one is related to the particle shot
hoise.

¢ The beam current shot noise for non-interacting particles is:
e'N & 1 (o—ko
P () = S ol . 8
() 27T, k—z—:oo‘kn‘ [ 1K, ] ®)
¢ Combining Egs. (27) and (28) and simplifying one obtains:

0= [2”9 Pooe ) N5 10,1 A, Jo )

e, )" [ T, (8°me? )
2o f((“n;zn_kﬂ
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Transverse cooling

¢ Natural variables for transverse cooling description are the
action-phase variables (I, y): | = (,Byé’z +2a,y0 + (1+ ozyz)y2 | B, )/2,
where S, and o, are the beta- and alpha-functions of the ring.

¢ We assume that there is no x-y coupling in the lattice, and the
cooling is linear in betatron amplitude. Then the beam
distribution function is described by the following equation:

of | o, of
005 06)=0.00 S (172
Here f, =1 (x,1,t) is The distribution function normalized so

that [ f,(x1,t)dl = fo(x) and | f,(x)dx =1,

A1(x) is the cooling decrement
D.(x) is the diffusion coefficient.
Because of system linearity 4,(x) and D,(x) do not depend on I.
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¢ Similar to the longitudinal cooling the transverse cooling is
created by the particle self-interaction and therefore is not
directly affected by the band overlap. But it is still affected
by par"ricle screening of signal by other particles. The result is:

200 == ZRe[ ((w )) j @, =, (N1-17%) ~ (v + &)

where G ,(w)=G,(w)/N is the single particle gain.

¢ The diffusion is created by kicker noise and is combined from own
noise of power amplifier, P (), and the particle shot noise
suppressed by particle interaction:

f n—m+ (& +nm)x
oo 1 7 e‘zu(w )‘ i ? <I(x)>N > E+nm
D, (x) = Z : ( : J Py (a)n)""Gil(wn)‘ Z

2o | 707 M Z 2, 2 Eem

where (1(x)) :I f (x,1,t)ldl is the average action for given

momentum deviation x.
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Example: Longitudinal cooling in Debuncher (Filter cooling)

le(wp+Ao)|

0 1 2 3 0 1 2
Re(s) Re(s)
6,=1.05 10" c,=2.1107

Gaussian distribution, G(w) = 0.0023/, A=1, n = 12000, nf,=7.078 GHz
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15 | | L5 | |
le(0n+Ao)) len(Ao)| le(0n+Ao)) len(Ao))|

0 Re(g) 1 2 0 Re(s) 1 2
Aplp=2.210° Aplp =4.410°
Flat distribution f (X) oc exp(— (1/2)x° I(Ap/ p)8), G(w)=0.000538/, A=1,
n=12000, nfy=7.078 GHz
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