Feedback System for Energy and Beam Position Stabilization.
Valeri Lebedev

1. Theresultsof the beam motion study

The study of the beam motion at different places of the accelerator has shown that the beam has the
excursionsin energy and in both transverse planes.  Currently, we have many measurements of the beam
motion but the measurement results performed at ARC1 (January 96) and Hall C line (October 1996) will
be mainly discussed because they exhibit the main characteristics of the beam motion with good
resolution and, consequently, their results determine the requirements to the feedback system.

The spectra density of the beam motion can be separated in two main parts. the low frequency part
with frequency below 60 Hz and high frequency part due to beam motion at frequencies of power line
harmonics.

The measurement in ARC1 were performed January 21, 1996 with SEE BPMs at sampling rate of
113.7 kHz and duration of one measurement of 0.144 s. They showed that for time less than 1 s the power
line harmonics make the main contribution into beam motion. The amplitude of beam displacement was
about 100 mm at 60 Hz and 30 mm at 180 Hz. The amplitude of relative energy oscillations was about
340 a 60 Hz and 2407 at 180 Hz. In afew of these measurements there were peaks at 120 Hz and 240
Hz but their values were significantly smaller. A contribution from other power line harmonics was not
observed. They demonstrated that for the beam current of about 10 mA the rms accuracy of the BPMs
related to the electronic noise was 40-50 nm.

The measurement in the Hall C line was performed in October 24, 1996, with the transport line SEE
BPMs at sampling rate of 7141 kHz. The transport line SEE BPMs have longer integration time and
therefore better accuracy. Their measurement time is 16 times longer and, consequently, the spectrum of
the beam motion can be obtained for 16 times smaller frequency. From this point of view this data is
more valuable for the feedback system design. There are 5 sets of data measured during 6 s.

Figure 1a shows an example of measured data. To obtain a better resolution for the beam motion
spectrum the first three power line harmonics were subtracted from the measurements before performing
the FFT. Their amplitudes and phases were fitted by the least squire root method and shown in Tables 1
and 2. Figure 1b exhibits the spectrum of the signal shown in Figure 1a without the first three harmonics
in it. One can observe many power line harmonics which spread up to 1.2 kHz. Most powerful harmonics
are at 300 and 720 Hz. The noisy plateau in the spectrum is related to the noise of BPM electronics and
determines the rms BPM resolution of about 20 nm for beam current of 38 mA which isin a reasonable
agreement with the laboratory measurements.

The residual value of beam motion in BPM signal after subtraction of these first harmonics is
comparable with BPM noise. Thus, to estimate the beam displacement due to the rest of the power line
harmonics one needs to separate noise of BPM electronics from the real beam signal. The spectral
density of the BPM noise does not depend on frequency and we can reasonably guess that noise plateau in
the signal is totally related to the BPM noise. Therefore the signal spectrum was filtered so that only the
harmonics near the power line frequencies were left. Then the inverse FFT produces a signal which
characterizes the beam motion at higher power line harmonics. Figure 1c shows signals for the case when
the first three harmonics are subtracted from the signal. Here the crosses show the BPM signal and the
solid line shows an estimate of beam motion related due to power line harmonics (without the first three
harmonic).
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Figure 1. Beam motion at IPM3C12: @) measured signal (only first 70 ms are shown), b) spectrum without first three harmonics, c)
measured signal without first three harmonics - “, and an estimate of the beam displacement due to higher power line
harmonics - solid line. Beam current is equal to 38 mA, and the beam energy is 3.245 GeV.



Low frequency part of the signal spectrum presented in Figure 1 are shown in Figure 2. One can see
that it spreads from O to about 70 Hz and does not have definite frequencies. Frequencies of about 30 and
58 Hz make the largest contribution. Earlier in the measurements in the ARC2 we observed large phase
oscillations of 60 Hz beam motion. The frequency of these oscillations was about 1 Hz and they are
apparently related to this 58 Hz component. There is also peak at 145 Hz frequency which origination is
unknown.

The energy oscillation which can be estimated from Hall C measurementsis about 2 times larger than
measured at ARC1 and are equal to 6407 at 60 Hz and 2407 at 180 Hz.

Table 1. Amplitudes of power line har monic at IPM 3C12 for different measur ements

File name long1l long21 long31 long41 long51
Amplitude at 60 Hz, nm 236.9 255.8 240.9 230.9 266.9
Amplitude at 120 Hz, nm 24.8 25.5 22.9 22.1 22.1
Amplitude at 180 Hz, nm 54.7 54.2 54.5 55.6 53.4
Residual rms beam motion at

other power line harmonics, mm | 25.9 25.2 24.7 25.8 26.05

Table 2. Amplitudes of power li

ne harmonic at different BPMs (file: long11)

BPM name IPM3C07 IPM3C08 IPM3C12
Coordinate X y X y X y
Amplitude at 60 Hz, nm 100.3 198.7 109.6 111.2 236.9 44.3
Amplitude at 120 Hz, nm 12.9 47.5 138 25.7 24.8 6.21
Amplitude at 180 Hz, nm 185 123.1 139 64.1 54.7 51
Residual rms beam motion at
other power line harmonics, nm | 10.8 47.9 8.8 26.1 25.2 6.7
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Figure 2. Low frequency part of the spectrum presented in Figure 1.

2. The beam motion and general requirementsto the feedback system

The requirements to the beam position and energy stabilization are determined by the natural beam
energy spread and size on the target which allows to reach the highest beam quality. Table 2 exhibits the
main parameters of 4 GeV beam and main requirements to the feedback system. The level of stabilization
was chosen so that the feedback system contribution should not excess 20% for the beam size and 10%
for the energy spread. The safety margin of about 10 dB was put into the suppression values to anticipate a




possible enlargement of beam motion at a long machine run. We use here the effective beam emittance
(Courant-Snyder invariant)

e=bq’ +2agx +g«*, (1)
to describe the requirements to the transverse beam motion independently on the machine beta-functions.
Here b is the design beta-function, 2a=- db/dz and g=(1+a?)/b , x and q are the beam displacement and
angle at the exit of the feedback system. It is important to note that the level of intrinsic noise of the

feedback system due to noise of the BPM measurements is an important issue of feedback system design.
Thelast part of the table shows requirements to the beam motion due to feedback system noise.

Table 2. Main parameter s of the beam and requirements

Natural beam parameters (sizes without beam motion)
Beam emittance at 4.045 GeV, rms 0.06 nm
Relative beam energy spread, rms 15 ppm
Requirements to beam motion at the feedback exit
Effective beam emittance, rms <0.024 nm
Relative energy spread, rms < 6.7 ppm
Requirements to suppression at different frequencies
Suppression of 60, 120, 180 and 240 Hz <30db
Suppression at frequency of 30 Hz <20db
Suppression at frequency less 30 Hz <{ 600/f[HZ] }db
Requirements to the beam motion excited by the feedback system itself
Effective emittance excited by feedback system noise, rms <0.015nm
Relative energy fluctuations excited by feedback system noise, rms | <5 ppm

The current status of the CEBAF accelerator is sufficiently good, so that the energy and position
oscillations do not limit machine operation and do not cause any significant decrease of the free aperture.
Thus, it is sufficient to use only one feedback system (for each hall) to get the required by physics
experiments improvement of the beam stability. Such systems has to be located in each hall and have to
stabilize the beam position in a corresponding hall transport line. One hall only can be chosen for the
energy stabilization. It implies that if there is another hall utilizing the same energy it will get the same
good energy stabilization. In the case of another energy the energy stabilization can be spoiled by energy
fluctuations in injector and by phase fluctuations of the accelerating voltage of main linacs. The first can
be fixed by the injector feedback system while the second can be improved by careful path-length
adjustments for multipass operation. Below we will consider one system which can be located in any of
two Halls (Hall A or Hall C) taking into account that they have similar optics and use the same kind of
hardware.

2. Opticsand BPM resolution.

The optics for Halls A and C was recently changed to increase the horizontal dispersion and get
optimal conditions for beam position stahilization. The beta-functions, dispersion and betatron phase
advances for Hall C are shown in Figure 3 (Hall A have a close optics). One can see that the peak
dispersion was increased in about two times in comparison with base line design. There are also larger
beta-functions; and the betatron phase advances between corresponding BPMs are about 90° what is
optimal for the feedback system space resolution. The list of BPMs and correctors for the feedback
system is shown in Table 3. The design beta-functions, dispersion and phase advances are also shown in
the table.

First we consider an accuracy of the extraction of vertical beam position and angle from the BPM
measurements. Taking into account that the position and angle of the beam are changed during beam
trangportation we will use the Courant-Snyder invariant (effective emittance of beam transverse motion)
to express the accuracy of the beam position measurements.



Table3.

NAME BetaX AlfaX BetaY Alfay DspX DspXp NuX NuY

MHC3C02V  1384.96 -143703 736951 120956 -26.251 -0.0422399 0174094 0.162417
MHC3C04H 1540.29 155229 984911 -2.16622 0552712 0.332461
MHC3CO7vV 178247 -197754  2980.6 252495 0.727567  0.45876

IPM3CO7V 178247 -197754  2980.6 252495 0.727567  0.45876

MHC3C08H 5006.89 345412 856.768 -0.16704 0.759623  0.522437
IPM3CO08H  5006.89 345412 856.768 -0.16704 0.759623  0.522437
IPM3C11V 53317 -122738 396065 313558 -178.288 -0.439734 1.04742 0.675235
IPM3C12H  2863.36 3.5097 152895 -1.91525 -411.104 0497332 1.113%4 0.710287
IPM3C16H  5107.75 2.39168 168461 -1.58651 0.00273287 -9.17184e-06 1.4764 0.843045
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Figure 3. Beta-functions and dispersion a) and betatron phase advances b) for Hall C transport line.

Let M be the transfer matrix for vertical motion between two BPMs. Then we can write that the
position and angle at BPM2, y, and gy, are bound with the position and angle at BPM1, y, and qy1, by the
following equation




Ya| | % :‘an Maa|| Y | _
qy2 qyl M43 M44 qyl
5 cosm, +a,snm b,snm, vl @
TP A Y 7% cos Slrlm’(1+a a ) —yl(cos -a_ €n ) l
by1 b TTL TTL y2 nl’ qyl
y2 y2 y2

where by1, by, ay1 and ay, are beta-functions and their negative half-derivativesat BPMs 1 and 2, ny is
the betatron phase advance between BPMs 1 and 2. Expressing qy; through y, and y, from Eq.(2) we
obtain

Yo - MgX
= 3
q y]_ M 34 ( )
Substituting Eq.(3) into Eq. (1) we expreﬁ the effective beam emittance through BPM measurements
33yl 33y1

g— +2a, g— y+oy:®. 4

Taking into account that the noises of different BPMs are not correlated and are equal for both BPMs,
Y12 = y22 = XBPM2 , and substituting matrix elementsin Eq.(4) we finally obtain
1 0 xg,,°
e e (5)
b, by,gsn"m
Substituting the beta-functions and the betatron phase advance from Table 3 we obtain JEMBED
Equation.2 OError! Objects cannot be created from editing field codes. =0.024 nm for xBPM =
20 mm.

Now we consider an accuracy of the extraction of energy, beam position and angle from BPM
measurements. The beam displacements due to energy change and due to horizontal betatron motion are
coupled at IPM3C12 due to non zero dispersion at its location. To simplify calculations we will use an
approach different from considered above. Expressing beam displacement through effective emittance,
and momentum error we can write down where m is the betatron phase advance bx1, bx2 and bx3 are the

beta-functions at corresponding BPMs, m1 and m2 are the betatron phase advances between BPM1 and
other two BPMs, and,

Performing matrix inversion, N = M~ ! and taki ng into account that D; = D3 = 0 we obtain

X Xl Nll N12 N13 X1
P =N X2 = N21 N22 N23 X2 =
m/ XS NSl N32 N33 XS 8
1 \/b_ngzsinrQ 0 0 X, ©

= \/b D, snm - 4/b,;D, cosm, 0 vbaD, ||%
10 : . .
- \/ bxsz3 Sm(nl + n}) A bxlbx3 snm \ bxlbx2 sinmyj|X,
The same as for vertical motion we take into account that the noises of different BPMs are not correl ated

and are equal for al three BPMs, X12 = X22 = X32 = XBPMZ. Performing averaging we obtain
expressions for the accuracy of the energy measurement,



Dp?

= \/( Ny* +Np* + I\lssz)xspm2 =

p
- 9)
= Xeem |14 b, @&in*(m +m,) + Sinz(ml)g
D, sin®(m,) b, b, g
and for the accuracy of the effective emittance measurement,
a = W = (Nll2 + le2 + le2 + Nm2 + sz2 + NZSZ)XBPMZ =
10 Xgoy’ : (10)

xel
= g + -—
b, b,osn m,
As one has to expect for the case of zero dispersion at BPMs 1 and 3 Eq.(10) is similar to Eq.(5) for the
vertical motion. Substituting the beta-functions, the dispersion and the betatron phase advances from
Table 3 we obtain e_X =0.017 nm and 4/ Dp2 / p=5.940° for xgem = 20 nm. Asfollows from Egs.(9)
and (10) the optics is close to be totally optimized: sifm=0.957 (desired value - 1.0), sin’(m+n3)=0.187
(desired value - 0.0), siPfm=0.629 (desired value- 0.0), bo/b; » ba/bs » 0.56 (desired valueb./b; ,b./bs
<< 1); that results that alossin energy resolution is about 20% ( 4/ Dp2 [ p» 1.22 xgpu/D 7).

Thus, we can conclude that to reach the required level of stabilization we need the effective BPM
resolution better than 20 mm.

3. Frequency response of the feedback system

For simplicity we will consider at the
beginning the frequency response of scalar X(t) y(t)

system (one input - one output). As can be > Y(t)=x(t)+c(t)
shown later this consideration can be easily A
generalized for the case of the considered
feedback system. The scheme of the system is
shown in Figure 4. The feedback system C, Ay,
measures the error on its output y(t) and <
corrects its input signal x(t) so that they are
related by following equation
y(t) = x(t) +ct) (12)

where ¢(t) is the value of the correction. The
measurement of the system output signal are performed with errorsDyn..

We will neglect delays in the system and we can write in frequency domain

X, © X(t,) = x,e""
Y. o ¥(t)=y.e"™ , t,=Tn , (12)
c,° oft,) = G,e"

where T isthe sampling time. L et us denote the system transfer function in frequency domain

K(w) = i—w , (13)

W

Figure 4. Scheme of the scalar feedback system.

and the system amplification
Gw) = (14)

w
Then performing Fourier transform for Eq.(11),



Yo =X, tC, (15)

and using Egs.(13) and (14) we obtain
1
KWw)=——— | (16)
1- G(w)
To determine the effect of BPM noise on the feedback system we will consider the system with zero
signa on itsinput. Then using Egs.(14) and (15) we can writethat output signal is
Yo = GW)(y,, +Dy,) . (17)

where we took into account that the measured signal is Y, + Dy, . Solving this equation relative to y,
and substituting G(w) from Eq.(16) we obtain

Yo = (KW)- 1)Dy, . (18)
The spectral density of the noise does not depend of frequency and on frequency interval wi [0, p/T] is
equal to

Dy,? =Dy’ . (19)
p

where 4/ Dy2 is the rms error of the measurement. Then the spectral density of noise on the system
output is equal to

R T -
Yo =3|K(w)- 1°Dy* (20)
That determines the rms error at the system output to be equal to
— —T7 P/\T
y? = Dy? o gKW)- 1 dw . (21)
0

One can seethat if K(w)=1 then the measurement noise does not affect the system output but at the same
time the feedback system does not suppress the input signal. Thus, we can conclude that to minimize the
effect of noise measurements one needs to design the system so that K(w) would be close to one at
frequencies where spectral density of the input signal x(t) is sufficiently small.

As an example of such a system we consider the system with recursive digital filters at zero
frequency and the first three power line harmonics. Wewill choose its transfer function as follows

K(W) _ eiWT -1 ein _ eiWOT eiWT - e iw,T y
eiWT _ (1_ ko) eiWT _ (1_ k )eiWOT eiWT _ (1_ k )e—iWOT
1 1 29
g _ @2iwoT T _ g 2iweT T - gdweT T _ g 3weT » (22)

eiWT _ (1_ k2 )eZiWOT eiWT _ (1_ k2 )e—ZiWOT eiWT _ (1_ k3)e3iWOT eiWT _ (1_ ks)e—SiWOT
where Wy is the power line frequency, and ko , ki , ko and ks are the gains (fudge factors) for the
corresponding harmonics. The plots of this function for sampling rates of 1.8 kHz and 4.8 kHz are shown
in Figure 5. The gains were chosen to fulfill the requirements listed in Section 2. They also determine the
minimum sampling frequency of 1.8 kHz" which allows to get 20 db suppression at frequency of about 30
Hz. It isimportant to note that an increase of the sampling frequency significantly decrease the effect of

noise measurements so that \/F/ Dy2 decreases from 1.45 at 1.8 kHz to 0.615 at 4.8 kHz. Figure 6
shows relative contribution of different frequenciesinto the output signal of the feedback system.

! This does not imply that sampling frequency cannot be smaller than 1.8 kHz. It rather gives an estimate of the sampling
frequency which can be smaller for more advanced algorithm.
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Figure 5. Dependence of the module of the feedback system transfer function, |K (W )| , on frequency;

a) - UT = 48KkHz, ko =035, k; =0.03, kp=0.01, and ka= 0.03, K(p/T)=1.30,
b) - UT=18KkHz ko =1, ky =0.09, ko = 0.04, and ks= 0.1, K(p/T)=2.52.

Although a higher order digital filter allows one to decrease the sampling frequency to reach 20 db
suppression at region 0-70 Hz the one has to pay for this by additional increase of feedback system noise.
The transfer function for the second order system which transfer function is square of the transfer
function described by Eq.(22) is shown in Figure 7. For sampling frequency of 900 Hz we obtain

\/F / Dy? =3.782 what is 6 times |arger than for 4.8 kHz.



| | | | | | | |
0 500 1000 1500 2000 0 200 400 600 800

frequency, Hz frequency, Hz

Figure 6. Dependence of relative contribution of measurement noise, |K(W) - 1|2, on frequency for parameters
presented in Figure 5; left - 1T = 4.8 kHz, right - 1/T = 1.8 kHz.
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To build the numerical agorithm for the filter described by Eq.(22) we will use the standard recipe.

Substituting €"" in EqQ.(22) by z (rewriting it as the z-transform) and expanding products in the nominator
and denominator we obtain

7
a bz"
n _ k=0
K(2) ° x 4 (23)
"oaaz
k=0

10



where a; = by = 1 and expressions for other coefficients are given in Appendix. Taking into account that
that Y, .. = Zkyn and Y. = Zkyn we obtain from Eq.(23)

J d
a akyn+k - a bkxn+k ! (24)
k=0 k=0

Substituting xx as X, =Y, - C, inEq.(24) we obtain
o o
a (ak - bk)yn+k + a bkCn+k = 0 . (25)
k=0 k=0

This equation determines correction on each step as weighted sums of previous six corrections and
previous six measurements

6 6
[] o]
Ch1 = a- (bk - a'k)yn+k-6 - a bkCn+k-6 : (26)
k=0 k=0
where we took into account that a; = b7 = 1. Figure 8 shows the response of the feedback system to the
60 Hz signal appeared at time t=0. The theory predicts that the signal has to be damped for time tgamp »
T/k, = 7 mswhichisin reasonable coincidence with the results exhibited in Figure 8. Note that the initial
fast changeis dueto the strong damping at zero frequency (ko=0.35).

1

-1

time ms

Figure 8. Time response of the feedback system described by Eq.(26) to the 60 Hz signal: dotted line - input sgnd, solid
line - output signd; UT = 4.8 kHz, ko = 0.35, k; =0.03, k, =0.01, and ks= 0.03, K(p/T)=1.30,

4. Frequency response and stability of areal feedback system

Now we can consider how the real system operates. In this case values shown in Figure 4 become
vectors. Let X and Yand be vectors representing the beam states on the system input and output, so
that

x(t)
x&t)
yit) |, (27)
yqt)
Dp(t) / p

and C isvector of corrections. The same asin Eq.(11) we can write that
Y=X+C . (28)

x|
I

11



Taking into account our limited knowledge of the system we introduce vector Yn representing the
estimate of the system state based on BPM measurements Vn at step n,

Y =My, +DY, (29)
where M is the design matrix which relates the BPM measurements and the system state, and DY; isthe

BPM noise. We aso introduce the matrix which relates the system state and the actual beam
displacements on BPMs

Y, =My, , (30)
Then using Egs.(29) and (30) we can write
Y. =M*(My,-DY,) , (31)
For the ideal system M *M =E and Eq.(31) relates Y and Yy within accuracy of the BPM
measurements. Our knowledge of the correction system is limited as well. Therefore we introduce the
vector of estimated correction (calculated by computer), En , Which isrelated to the actual correction by

the following equation

¢, =Bc, . (32)
Then for the case of actual6 system we can rewriteGEq.(26) as
Cosg = é. By - a)Yoris - é. B Crits (33)
which representsthe al gg)rithlr(; (Z)f the feedback wste:r:.OSubstituti ng Eqs.(s;l) and (32) we obtain
B-16n+1 = éo (bk - ak)(M -1'\7| yn+k-6 - M -1D?n+k-6) - ké—o ka-lén+k-6 : (34)

Multiplying this equation by B and using Eq.(28) we obtain the equation which relates the input and output
system states

6 —~ —
yn+1 - )_(.n+1 = é. (bk - ak)B(M_lM yn+k—6 - M _lDYn+k—6) -
k=0
Regrouping addends we finally obtain
6 ~ —
Yo = Xpu = é ((bk - ak)BM-lM B bk)ymk-e - (b - ak)BM-lDYmk-ﬁ + bkxn+k-6]' (36)

bk(ymk-e' Xn+k—6) : (39)

Qoo

=
I

0

For the case of the ideal system, BM M =E , and zero noise all degrees of freedom in Eq(36) are
decoupled and we obtain five scalar equations which are similar to Eq.(24).
To find the transfer function of the system we put

X, = X,e"
Yo = V™" &
n w
Then we obtain the transfer function for areal system
Yu =KX,
(38)

5 .. 6 _ 1
K = éaéﬂwT + é bkelekggéﬁwTE _ é. ((bk _ ak)BM—lM _ bkE)elekg

k=0 k=0 %]
The first term in the brackets is equal to the denominator in Eq.(23) and, consequently, has the same
zeros. It means that the feedback system will perfectly suppress the signal at desired frequencies even for
the case when the transfer matrices are known with finite accuracy. The transfer function at other

12



frequencies will be affected by the system nonideality. The Figure 9 shows an example of the system time
response to the 60 Hz signal. The product BM "*M for this figure was modeled as

BM'M =E+R , (39)
where E is the unit matrix, and R is the matrix which elements are random numbers with the uniform
distribution in the interval [-.025, +0.25]. Numerical simulations for different series of random numbers
showed that the picture in Figure 9 represents a typical behavior of the transfer function and we can
conclude that the deviation of the transfer function from the design is about relative error of the transfer
matrix. It determines that the required accuracy of the transfer matrix knowledge is about 10-20%. Note
that for higher value of the system gain the requirements will be harder.

Another important technical limitation which affects the system performance is the accuracy of the
sampling time. The interference of sampling errors and the high frequency signa produces additional
noise on the system output. The numerical simulation exhibits that a jitter in a sampling time of 30 ns
produces the noise from the signal of the third power line harmonic with amplitude of about 3% of the
harmonic amplitude, That determines that the sampling accuracy has to be better than 30 ns.

An estimate of the system susceptibility to the BPM noise we will perform for the ideal system. In
this case as it was pointed out at the end of Section 2 the energy and position resolution of a single

measurement is e_X:O.Ol7 nm and 4/ Dp2 / p=5.940"° for xgpwm = 20 nm. Taking into account that
for the feedback system considered above the real beam displacement is smaller than its estimate in a

factor of 0.615 (see Section 3) we finally obtain e_X =0.007 nm and 4/ Dp2 / p=3.640°. Thisvaues
will not be changed significantly if the machine optics is known with 5-10% accuracy.
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Figure 9. Frequency response, K (f), for non-ideal feedback system. a) sdlid line - response for the ideal system, other lines
- Ki1, Ky, Kss, Kay and Kss ; b) solid line - response for the ideal system, top dotted line - K15 , other lines -
K2, K1z, K1y and Kss.
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Appendix. Formulasfor calculation of the digital filter coefficients.

Lryi=Re(l q)
Lrpi=Re(l 5)
Lrgi=Re(l 4)
_ 2 2 2
Nom=d {12 20r 1 + {2 2001 #9220 0a1 1)
[ -1
2Lrq 4142042114
'2'. rs— 3—4L rll. r 2—4L r2|.|'3—2|_ r 1~ 2|. r2—4L rll.l's
Alrg+ALlrLrg+3+4LrLrotdlrylrg+4lro+4Lr+8Llrlrylrg
'3—4L rs— 8'. r 1|_ r2|.|'3—4|_ r 2|_ rs— 4|_ r 1|_ r3—4|. |'1|_ r 2—4L r2—4L rl
2Lr o+ 20 rq+34+4LrLr ot 4lrylrg+dlrLrg+2Llrg
'1—2Lr3—2|.|'1—2|.|'2
1

qg:=1-kg

qq:=1-kq

q,:=1-k,

qg3:=1-kg

Lkq'=qRe(l )

Lkp'=qyRe(l 5)

Lkg'=qgRe(L 3)

Denom= (I -q()(l Z_2L Kyl +q 12)-(I 2 2Lk, +q22)-<| 2_2L kgl +q 32)

Dyi=q 22-q 32+2-q olkoq 32+2-q olkqa 32+2-q od 22-L ka+8dglkyLkyLka+2qgLkyq 22+2-q od 12-L kg

. 2 2 2 2 2 2 2 2
D1i=Dg+20qgd1 Lkotda " Lkyl kgt 4l kg, "Lkg+q 73 +4L kL kyas +a,170 5



2 2 2
-qg91°d9,703
2 2 2 2 2 2 2 22
4, 0503 +2-q0-L kprao™ag +2q0'ql L ko0 g +2‘q0'q1 EP) 'Lk3

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
sagay-ay —4aglkylkyaz —agay az —4aglkyay Lka—2Lkyay a3 =2, qy Lkg—2q, L kyag —4aqgas Lkylkg—agasaz

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2
“2Lkyq5 =29, Lkg=8Lk LkyLkg=dqglkylkg—agag —4qgl kLl kg—aga,"—4a gLk Lky—aga =20 L kg—2L ka3 = 2L kg, =20, 7Lk,

2 2, 2
ALkylkg+4lkylkz+a"+2qgLl kg+2agLl ko+2qgLlka+as"+a3 +4L kL ko
-qg—2Lkq—2L ky—2L kg
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